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In this note we show that Robertson’s Conjecture is false by giving a coun- 
terexample. We use the Stirling polynomials and conclude the paper by another 
conjecture for sign changes for certain values thereof. ‘7’ 1991 Academic Press. Inc 
1. INTRODUCTION 
Among other things Todorov considered in his paper [4] the Taylor 
expansion coefficients of the function 
for various complex values of x and y, where we have put 
~(2; x) = x In 
l+Z 
( > - 1-Z = 2xz.q) (z), 
and we have 
ZZk 
s,(z)= f - 
&2k+l‘ 
(2) 
Using the generating formula for the Stirling polynomials Yk(r) of 
degree k (see e.g. [l, p. 1851, which was 
=l+(r+l) f Yk(r)fk+‘, IfI < 277, (4) 
k=O 
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we obtain, with u = -t and 4’ = - (r + 1 ), that 
eu-1 J 
( 1 =l+L’ f (-l)k~-lY~~,[-(y+l)]Uk. (5) u k=l 
Keeping the validity conditions in mind we put u = U(Z; x) and obtain 
k=l 
By means of this expression we obtain an alternative way to calculate the 
coefficients of d,,(x, y), which is somewhat better suited for computational 
business than the recurrence relations given in [4]. 
Todorov also considered the Robertson Conjecture obtained from (1) 
with y = 4. In this paper we show that the conjecture is false by giving a 
simple counterexample. 
Also we will use the values of y = n/2 in (5), where n is an odd natural 
number, to formulate another conjecture for the sign changes for increasing 
values of k of the Stirling Polynomials for this particular value. We are 
almost convinced that our conjecture eventually will turn out to be true, 
but there ought to be some very difficult computations before such an 
answer may be reached. 
2. TAYLOR EXPANSION COEFFICIENTS 
In (6) we use the binomial expansion 
[s,(z)]” = [l + s, (z)]” = f ; [s, (z)]‘. 
r=O 0 
(7) 
Todorov showed that 
4(x, Y)= i d,;(y) x’, 
,=O 
(8) 
where the coefficients could be non-zero only if i and n were of the same 
parity. Taking a closer look at (6) we find this right away. The factor xk 
will only be present in one term of the sum. Keeping this in mind it is now 
easy to obtain 
d,,(y)=(-l)“~‘2”yY’,~,[-(y+l)], n3 1, ho(y) = 1, (9) 
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so we may rewrite (6) using (5) to obtain 
d(z) := 1 + 2 J: [s,(z)]‘+ i d,,,(.?J)XnZ)l 
0 /=I .I ,I= I 
+ f d)(Y) x’z’ f 
,=I x=1 ( > 
‘; y [s, (z)]“. 
From the second term we obtain the coehicient d,,(y), 12 > I, as the 
resulting coefficient for 9, and finally from the last term we obtain 
d ,+dy)=d,,b) g,,(y), j, r3 1, (11) 
where the coeffkient g,-(y) is obtained as the resulting coefficient of z2r 
from the very last sum in (10). For small values of k it is fairly easy to 
calculate these coefficients using a minor computer. Thus, the values given 
by Todorov are easily confirmed, using my tabulated values of the coef- 
ficients of the Stirling Polynomials [3]. Using the tables in [2] we obtain 
the same values with Todorov’s formulae. 
Remark I. My papers [I 1,2, 31 were not published in English, but a 
preliminary version of [l] as well as [2, 33 may be obtained from the 
author. The polynomials are treated up to the degree 12. The final version 
of [ 1 ] was published in Swedish only. 
Remark 2. We prefer to give (10) as above to clarify. It is easy to see 
that we obtain d,,(y) from (11) as well for j = 0. So we may extend the 
conditions for j and r also to equal 0 in (11) with the natural definition of 
&h,(Y) = 1. 
3. THE ROBERTSON CONJECTURE 
As Todorov pointed out in [4] we may use y = $ in (8) to investigate 
Robertson’s Conjecture, which then says that all the coefficients d,,j( 4) 
are non-negative. We will show that the conjecture is false by giving a 
counterexample. Let us denote 
B, (xl = 4 (-? t,. (12) 
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In [4] B,(x) were given up to n = 8. Using the described method at the 
computer we obtain the additional ones 
&(x)=(33056512x+225 34400x3+1796256x5 
+ 45200x’ + 7x9)/3096 57600, 
B,,(x)=(4105923584+140941 50400x2 
+ 32558 71872x4 + 1478 27680x6 
+ 22 83644x’ + 2295,~‘~)/12 6244 09600, 
B,, (x) = (73877 12512x + 57723 63520x3 
+ 5691 37536x5 + 200 86880x’+ 5852x9 
+ 4275x”)/8 17496 06400, 
B,2(~)=(246444869 18144+9291 13669 12000x* 
+24890010233088x4+1409853702400x6 
+ 3 07561 17392x8 + 584 76600.~‘~ 
+ 28 07751.x1*)/89270 57018 88000, 
B,,(x)=(420547689975808x+365533487155200x3 
+42162555891456x5+1869066284800x7 
+773236464x’+1073709000x1’ 
- 202 87103x13)/5 35623 42113 28000, 
(13) 
(14) 
(15) 
(16) 
(17) 
B,,(x)=(3012248261 59104+1 225890708213760~~ 
+368725255621632x4+24601803502848x6 
+677822077504xx+1838504304x’o 
+ 1684 65060x’* - 24 52337x14)/12 85496 21071 87200, (18) 
B,,(x)=(2978852424695808x+2823757038161920x3 
+3683057800 18176x5+19338491377920x7 
+10150364224x9+20185729200x” 
- 7303 35708~‘~ -t- 136 17835x15)/42 84987 36906 24000. (19) 
We see that the conjecture is only valid up to n = 12. This is nothing to 
be astonished about since we have the close connection to certain values of 
the Stirling Polynomials in (9). We will return to this in the next section. 
Remark 3. Actually we did compute the values of the coefficients d,,(i) 
up to and including n = 20. Studying these we find that the coeffkients will 
be non-positive for i= 13, 14, 17, and 18. We are convinced that we will 
obtain non-positive coefficients for all values of i = 4k + 1 and i = 4k + 2 for 
k3 3. 
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4. THE CONJECTURE F 
We have been studying Stirling Polynomials for many years, which could 
be seen from [l]. In SIAM Rev., Dec. 1986, there appeared a Problem 
86-17 by C. L. Frenzen about the sign pattern of the terms in the Taylor 
series of (4) with r = - $. The problem was solved and we found as stated 
that for the actual r we obtain that 
(-l)“-‘Yu,,-,(r)>O and (-l)kYZk(r)>O. (20) 
A couple of months ago we received a letter from our very good friend 
Pave1 Todorov, in which we were asked to investigate the case with r = - i. 
As can be seen now this had to do with Robertson’s Conjecture, but then 
we did not know of that. The result we obtained in that case will be the 
basis of our proposed Conjecture F below. 
Starting by a similar sign pattern in both these cases we became 
interested in a more general investigation. We put r = -n/2 and used the 
odd natural numbers n. Working at the computer we were able to find the 
reversed pattern for n = 3 and 5, but then starting not from scratch but for 
a certain index value of k. Using the double precision of our computer we 
managed only to investigate these cases and only up to around k = 25. 
Therefore we suggest he following new 
Conjecture F. The Stirling Polynomials behave in the point r = -n/2, 
where n is an odd natural number, for increasing index values in the 
following way: Up to a certain index value K we have that 
i.e., sign changes for every index value, while for k 2 K we obtain the sign 
changes for every other index value. 
Remark 4. We have found the values of K equal 11 for n = 3 and equal 
27 for n = 5. This should be compared with the value 0 obtained for n = 1 
above. It could thus also be conjectured that when the sign pattern starts 
by + + - - we obtain K = 4m and when it starts by - - + + we obtain 
K= 4m - 1 for some suitable m. 
Remark 5. Defining the Stirling numbers of the second kind, Yi’, by 
the generating formula 
xm = 1 Y”i;l’(x),, (22) 
where we have used the Pochhammer symbol (x), = (-i) j!, we obtain with 
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the aid of [4, Theorem 51 the complicated expression where we have used 
the notation of y = n/2 for simplicity 
y-l k ul,..,[-(y+l)l=k! k ( 1 ,;, C-l)-‘-’ l J- 9y;,, (k+j)! (k-j)! JJ-j 
(23) 
thus valid for k > 0. 
Remark 6. Following Jordan we may use the fact that the Stirling 
numbers considered can be expressed as polynomials, in which case we 
obtain 
1 
~,-,c-(~+l)l=(-l)k-‘(k+)l)k+, CJHT) !x+v. 
with appropriate definitions comparing with (23). 
Remark 7. Working with fractional calculus the Stirling numbers of 
(24) may be seen as half-differences. In this way we may also generalize the 
generalized Bernoulli numbers ,i-“) = BiPY’(0) to this case by defining 
B:P”‘=(-l)kP’yk! Y,p,[-(y+l)], o B(W)= 1 (25) 
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